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What Is a chance-constrained program?
(or PCPs — probabilistically constrained programs)

min /(x)
xeX

st. P(Gix,&)eCp>1—-g,i=1,....,m

individual chance constraints

1351}1() h(x)

st. P(Gx,8)eC)=1Le)
risk level

joint chance constraints

April 15, 2009 Stochastic Combinatorial Optimization

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)



http://www.novapdf.com
http://www.novapdf.com

Example: Portfolio Optimization

X=(X1,...,X;) © vector of allocations

E=(,....,&) . vector of returns

max, B[ET x]

st. PE"x>c)>1-¢
I

Z X = |

i=1
x;>0,i=1,...,n

Maximize expected return s.t. high probability of exceeding some threshold
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Applications

ey Ep——

capacity expansion
Objective: minimize cost of
installation

Constraint: meeting random demand

military sealift/airlift
Objective: minimize penalty due to
delay in cargo delivery
Constraint: cargo delivery
guarantee
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Objective: maximize utility
from supplying
reservoirs served
Constraint: emergency storage
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PCPs are hard. Why?

Non-convexity of feasible set

PCP : min /1(x)

xeR

st PEx|=h)>1-¢€

where £~ U(0,1), beR,

_ I—& ifd>b
Plxzb) = '
0 o.w.
Feasible set: {x : [x| > 2} - nonconvex
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How do we solve PCPs?

d Sample

Sample space of

"> Draw observations

& g &2
(randomized)
J Enforce quality instead of measure (quantity)
Sample space of
NS 3
enforce only on this subset of realizations (deterministic)

April 15, 2009 Stochastic Combinatorial Optimization

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)



http://www.novapdf.com
http://www.novapdf.com

Approximate Solution Methods

PCP approximations

Scenario AS\ampIe Robust
. ' verage . .
Approximation rage Approximation
Approximation
Randomized Deterministic
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Scenario Approximation

PCP : 2= min Jh(x)
xeX

st. P(G(x,&)eC)=>1-¢

Draw observations &',.... &V ii.das &
Approximation : gy = min /(x)

st. G(x,&)ecC, j=1,....N

deterministic program, not a chance-constrained program!
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Scenario Approximation

Approximation : 2y = min  /i(x) argmin : X},

:‘)'; - ]
SEEGE X SONSLON SO0 (assume uniqueness of

optimal solution)
Pros :
1. NotaPCP
2. Convex program if
X, h(-) and G(-, &)
are convex
Finitely many constraints
4. Feasibility to PCP as

N — o

cons :

1. No optimality to PCP
2. May become infeasible
for large sample sizes

o

Use when it is difficult to find a “good” feasible solution to PCP
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Scenario Approximation
What can we expect?

QO “good” feasible solution

Py(PoV(xy)<e)=1-0

or

O  upper confidence bound for z*

Pn(zy = 27) @

. = \ . R
o lower confidence bound for = reliability level

* * : o
Pv(zy £2)21-0
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Scenario Approximation
Feasibility Result

Theorem. . e (0,1) given

5 (0,1) given

X, h(-) and G(-, &) are convex

C = (—00,0]

- &', & arei.i.d. observations from the distribution of £

Choose N > Z _ |

€0

Then
Py(PoV(xy)<e)=1-0
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Scenario Approximation
Better Feasibility Result

Theorem.

e€(0,1) given

= §6€(0,1) given

. X, h(-) and G(-, &) are convex
" (C =(—00,0]

- g ... &Varei.i.d. observations from the distribution of &

,,,,,

Choose N >Z2In++2n+2InZ  +  scaling is much better!

Then
Py(PoV(xy)<e)=1-0
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——————————————————————
Scenario Approximation

Bound on Mean Performance

Theorem. = X, h(-) and G(-,&) convex
= C=(—00,0]

« g &V arei.i.d. observations from the distribution of £
Then
En[PoV(xy)] < \dimension of x
Proof. Ex[PoV(xyx)] = EN[EE[HG(.x;,,E)>0]] (by definition)

= Ewns1 [HG(-‘E}N 1_5N+1)>O] (tower rule for expectation)

= Ens I[HG(x;rVkEk)>{)] for any £ (i.1.d. observations in sample)

1 N+1
T kz; En+1 [HG(x;, ﬁ.;}’k)>0]
1 N+1

= En+i [Z HG(x;,k,z-‘kpo] (linearity of expectation)
=1

N+ 1
_ What are we counting here?
April 15, 2009 Stochastic Combinatorial Optirization
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A Counting Argument

N+1
Weare counting %1, . &,
=

We are counting the number of constraints that support the optimal solution in the problem
min  A(x)
xeX

st. G.&)<0, j=1,....N+1

How many support constraints can a convex program have ?

No. of support constraints: 2 or 1 or 0
Maximum : 2 ( dimension of space )

cost vector Result. Number of support constraints is at most n
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——————————————————————
Scenario Approximation

Bound on Mean Performance

Theorem. E[PoV(xy)] < \ dimension of x

Proof. EN[EE[HG(X_;PEP()]] = ENH[HG("'?V,NJrl’ENH)}O]
= Ens 1[1[(;(1{;{’“5;()}0] for any k
| |
m Zk: Enti [HG(-Y}‘“E’()>0]
|
= N1 Enti [Z HG(x;,i,gkpo]
k

—

at most n
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Tightness

n
Can show Ey[PoV(xy)] = ——
N + 1
4 E i ol
2 : —
———————————————————— e e e ey Dy
...............
e — e 1 4 o
E i \:\:\ ﬁst wector
E i E :f constraints
1 | A
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Confidence Bounds

O Upper confidence bound

Let N>2Inl+2n+2Z1In2. Then
€ 0 € €

PyGzy 22)=21-0

3 Lower confidence bound
If PCP feasible with ¢ =1-(1-§"N,  then

Pv(zy <z)21-96
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Approximate Solution Methods

PCP approximations

Scenario AS\ampIe Robust
. ' verage . .
Approximation rage Approximation
Approximation
Randomized Deterministic
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Sample Average Approximation

PCP: "= min h(x)
xeX

st. P(G(x,&) eC)>1—-¢

Draw observations &',.... &V ii.das &

Approximation : Iy = mi}? h(x)
X€

1 N
S.1. ﬁ Z HG(‘.?C,EJ)SO >1-«
J=1
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Sample Average Approximation

Approximation :  zj, = mi}? h(x) argmin : xy,
Xe

| &
s.t. ~ ZI[G(-,CEJ)SO b
J=1

Pros : o Cons
1. Preserves quantitative guarantee :
of PCPs 1. Hard to solve!

2. Can expect asymptotic optimality
and feasibility results (SLLN etc)
3. IP approaches can be used

Use when no convexity in problem, optimality results needed
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Lower Confidence Bound

Approximation : * — min h(x i -
Pp gy = mn (x) argmin @ xj,

1 N
S.1. ﬁ Z HG(‘A’.,EJ)SO >1-«
=

Theorem. . e € (0,1) given

. 6€(0,1) given
. g, ... &Narei.i.d. observations from the distribution of &

n o > €
1 1
] —
Then
Py(zy <2)2>21-0
April 15, 2009 Stochastic Combinatorial Optimization
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Upper Confidence Bound

Approximation : Zy = min /() argmin @ xj
1 N
s.t. ~ ;HG()@){D >1-a
Theorem. = e € (0,1) given
. 6 €(0,1) given
- 2l Zarei.i.d. observations from the distribution of ¢
. O<ac<e
= X finite
. N>t X where X, is the feasible region of PCP
(e—a) 0
Then

Pyv(zy 22)21-0

} Do we need finiteness assumption?
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Optimality Results

Approximation :  zy = rnEl)l(l h(x)
X

. N

I |
S.t. ﬁ Z; HG(.!:,EJ')SO >1—€
Theorem. /

= X compact
h(-) is continuous

G(-, &) is continuous

« 28N areii.d. observations from the distribution of &
there exists an optimal solution to PCP that is a limit point of X,

Then
z; —7Fas N — oo
dSy.S") —0asN — o0
set of optimizers of approximation set of optimizers of PCP
April 15, 2009 Stochastic Combinatorial Optimization
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!cenarlo gppromma’uon

VS.
Sample Average Approximation

Type of Approx. Feas. Opt. Guarantee Sample Size Require-
Guarantee ment (dominant terms)
Scenario Approx. Yes Upper Bound == |
Scenario Approx. Yes Upper Bound =In s +2n+21n <
Sample Avg. Approx. Yes Upper Bound —ng
Sample Avg. Approx.(a =0) | Yes Upper Bound %ln %
Scenario Approx. — Lower Bound :::H:i; (exact)
Sample Avg. Approx. —~ Lower Bound —In;

Scenario Approximation is a special case of Sample Average Approximation

But under convexity assumptions we can get more...
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Approximate Solution Methods

PCP approximations

Scenario AS\ampIe Robust
. ' verage . .
Approximation rage Approximation
Approximation
Randomized Deterministic
April 15, 2009 Stochastic Combinatorial Optimization
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Robust Approximation

Let’s see some combinatorial problems !

Classical Knapsack

n items capacity ¢

value, weight of items known

Problem: Maximize value subject to knapsack capacity

April 15, 2009 Stochastic Combinatorial Optimization
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Random Weights on Items

Chance-constrained generalized knapsack :

I
S.t. P(Z wix; < C) >1—€

i=1

x e, 1)

p; - value of item
w; . random weight of item i

This is a hard problem!

Even finding a feasible solution is hard.
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e —
A Little Generality:

PCPs with Linear Constraint Functions

Chance-constrained LP : max ¢l x

xeX
s.t. PAx<b)>1-¢€

Let
- [ ={l...., n} be the variable indices

= a;j hassupport [a;; — d;j, a;j + @]
- [; positive integer Vi

'S nvi
e

price of robustness

. . . T
Robust Approximation :  max ¢ .x
S.t. Za,fjxj + max Z aijlxjl < by Yi
: Si:SiCL|Si|=T; —
J JES
April 15, 2009 Stochastic Combinatorial Optimization
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Robust Approximation to
Linear PCPs

Approximation: max clx

s.t. Za,;jxj- + max Z aijlxj| < by Vi
. Si:8iCLISi|=T; &=
J JES i

Approximation is non linear!

Can we linearize constraints? Yes! Take dual and get rid of absolute values.

Approximation with linearized constraints :  max '«
xeX

5.t Zﬂfj,¥j+2frf+zpijsbf Vi

] el
zi + pij 2 aijy; Vi, j
—yi<x;<y; V¥j
pij =0 Vi j

yjz0 ¥j

zi=0 Vi
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Robust Approximation to Linear PCPs :
Feasibility

i I . T .
Approximation : max c’x argmin - )
s.L. Z aijXj+ zl; + Z pij < b, Yi
j Jel

zi + pij 2 aijy; Vi, j
—yi<x;<y; V¥j
pij =0 Vi j

yjz0 ¥j

zi=0 Vi

We expect /" constraint to become feasible as T"; increases

Question : At what rate do we get feasibility ?

Need to quantify prob. of violation of i™ constraint : P(Y; a; jg > b;)

April 15, 2009 Stochastic Combinatorial Optimization
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Robust Approximation to Linear PCPs :
Feasibility

Theorem. « &;;’s are pairwise independent
- &, has support [a;j — a;j. aij + ;]
= a;; is symmetrically distributed about «;;

Then

’ r2
PoV;(x') = P(Z ﬁ;ﬁj}f? > b,-) <e
Jel
Exponential decay is nice.

However, bound is not tight : take I'; = » bound is not zero

Can get “nearly” tight bound dependent on optimal solution to robust approx.
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e —
Back to Knapsack: Feasibility and

Optimality

Chance-constrained S= omax Y pi
knapsack : =
pcgoknapsack S.1. P(Z wix; < (7) > —¢€
i=1
x €10, 1}"

where supp(iw;) = [w,, w;] Vi

Robust knapsack (T'): G= max ) p
RP} ansack -
napsac S.L. Z wix; + .S‘:.S‘rglz.ié‘|:l" Z(W,— —w)x; <c¢
iel Jjes
x € {0, 1}"

Theorem. Under “suitable” conditions, there exists integer [ such that
g =2 forI'<I”
g < Ffoal>TI7
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Equivalence of Chance-constrained Knapsack
and a Robust Program

Theorem. = 7, has support [w,,w;]
= yp,;’s are pairwise independent OK
Wi — W, _ _ L
/ { " 7 = ____— areidentically distributed
can be relaxed Wi — W,

= can sort weights and profits such that i < j = w, < Wi Pi 2 Pj ! (use greedy)
= Wi—w,=0>0Viel

, : - . } Not so nice
canbe W and c are integral multiples of &

removed
theorem holds for non

) _ int I 1=
Then, there exists integer I'* such that shai i)
(i) i = ZforI'>TI"
(i1) any optimal solution to Ry . .. IS feasible 10 PCPiuapsack
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Solving Chance-constrained Knapsack
Optimally Using Robust Programs

Algorithm.

(Suppose hypotheses of
theorem hold) |

SetI'=1

?

SOIVE Ry icack % Use dynamic programming

—b
v

I'=I+1 l

Is optimal soln;
to RPL

knapsack

No

Yes | Output optimal

A

- —> -

feasible to solution to
RP} namsack

choknapsack 7 napsac
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What have we learned?

U

Chance-constrained programs are hard to solve in general
Hardness comes from integrality of decision variables and/or nonconvexity of feasible set

U

Sampling is often the way to go

Sampled programs could be MIPs — use valid inequalities etc
Sampled program could be convex and finite — easily solvable
Asymptotic feasibility/optimality results possible with sampling

(Y W W

U

Robust approximation is a deterministic method
Optimality results cannot be expected in general
Q Feasibility ensured if sufficiently robust

U
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PCPs are hard!

Reduction from max clique
G=(V.E)

Does there exist a clique of size n ?

A realization of & is an edge/column of incidence matrix

PCP : min Z X;

- l nln—1)
st. Px—£&>0)> ——

xielO, 1}, ieV

Does there exist a solution with objective < n?
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Linearizing a Robust Constraint

Constraint to linearize : ) ajj;+  max " aylxjl < by
3 S 8:CLSqi=E ies,

The maximization problem can be written as

max (A.ij|xj'|l,fj
(uij): j=1,...n
S.L. Z Uij < I;
J
0< Uij < 1
Take dual :
min [izi + Z Pij
(zispij): j=1,n -
J
S.L. zitpij2 (’i.;j|)6j| Vi, j
zi =2 0Vi
pij >0 Vi, j
April 15, 2009 Stochastic Combinatorial Optimization
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Linearizing a Robust Constraint

Constraint now looks like

Za,;jx,-j+ min F,;zi- + Z Pij < bt'
: (Zfspl'j):j:l .... n -
J J
S.t. i+ pij 2&;j|xj| vj
z; =20
Pij = 0Vvj
Or
Za,:jxj +zI; + Z Pij < b;
J jel
Zi+ pij = aijlxjl Y
;20
pij =0 Vj
April 15, 2009 Stochastic Combinatorial Optimization
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Linearizing a Robust Constraint

Approximation now looks like -

max ¢ x

xeX

S.L. Z ajjxj+ zli + Z pij < b; Vi

j Jel

i+ pij = ajlxjl Vi, j
zi =2 0Vi
pij=0 VYi,j

Replace |x;| with y; and the constraints —y; <x; <y; ¥/ andy;=0 Vj

Approximation becomes max  c’x
8.1 Za,-jxj + 7l + Z pij < b Vi
j Jjel
zitpijzaiy; Vi, j
—yi<x;<y; V¥j
pij =0 Vi j
yj=20 Vj
zi=0 Vi
April 15, 2009 Stochastic Combinatorial Optimization
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MSOffice

Sample Average Approximation
Upper Confidence Bound

Approximation :  z = min - /1(x) argmin : x},

N
1
S.t. ﬁ ; HG(x,Ef')ﬂ/SG > 1 —a

e€(0,1) given

Theorem.

=  6€(0,1) given

- 2. &arei.i.d. observations from the distribution of &
. 0<a<e
" N > 72 , [log 1 +n log[LLD-‘ —|—log[ : -H

(€ — a)? 0 v €—

where Dis the diameter of x and |G(z, &) — G(a.€)| < L||x — /||
Lipschitz constant

Then
Pyv(zy 22)21-0
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Slide 40

MSOffice3  This slide needs some xplaining. What is \gamma? Why boundedness and Lipschitz
, 4/12/2009
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