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What is a chance-constrained program?
(or PCPs – probabilistically constrained programs)

individual chance constraints

joint chance constraints

risk level
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Example:  Portfolio Optimization

Maximize expected return s.t. high probability of exceeding some threshold

:   vector of allocations

:   vector of returns
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Applications

military sealift/airlift
Objective: minimize penalty due to 

delay in cargo delivery
Constraint:  cargo delivery               

guarantee

water resource management
Objective: maximize utility 

from supplying 
reservoirs served

Constraint: emergency storage 
level

capacity expansion
Objective: minimize cost of   

installation
Constraint: meeting random demand
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PCPs are hard. Why?
Non-convexity of feasible set

Feasible set : - nonconvex

PCP :

where
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How do we solve PCPs?

Sample space of

 Sample

 Enforce quality instead of measure (quantity)

Sample space of

enforce only on this subset of realizations

(randomized)

(deterministic)

Draw observations
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Approximate Solution Methods

Robust
Approximation

PCP approximations

Scenario 
Approximation

Sample
Average

Approximation

Randomized Deterministic
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Scenario Approximation
PCP :

Approximation :

deterministic program, not a chance-constrained program!

Draw observations i.i.d as
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Scenario Approximation

Pros :
1. Not a PCP
2. Convex program if 

are convex 
3. Finitely many constraints
4. Feasibility to PCP as

Cons :
1. No optimality to PCP
2. May become infeasible

for large sample sizes

Use when it is difficult to find a “good” feasible solution to PCP

Approximation :

(assume uniqueness of
optimal solution)
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Scenario Approximation
What can we expect?

 “good” feasible solution

 upper confidence bound for

 lower confidence bound for reliability level

or
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Scenario Approximation 
Feasibility Result

Theorem.  given

 given

Choose

Then

 are convex



 are i.i.d. observations from the distribution of
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Scenario Approximation
Better Feasibility Result

Theorem.

Choose 

Then

scaling is much better!

 given

 given

 are convex 



 are i.i.d. observations from the distribution of
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Scenario Approximation
Bound on Mean Performance  

Theorem.

Proof.

{
dimension of x

What are we counting here?

 are convex 



 are i.i.d. observations from the distribution of
Then
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A Counting Argument
We are counting

We are counting the number of constraints that support the optimal solution in the problem

How many support constraints can a convex program have ?

cost vector

Feasible Region

No. of support constraints :

Maximum : 2 ( dimension of space )

Result. Number of support constraints is at most 

2 or   1 or   0
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Scenario Approximation
Bound on Mean Performance

Theorem.

Proof.

{

dimension of x

at most 
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Tightness
Can show 
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Confidence Bounds

 Upper confidence bound

 Lower confidence bound

Let .  Then

If PCP feasible with then
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Approximate Solution Methods

Robust
Approximation

PCP approximations

Scenario 
Approximation

Sample
Average

Approximation

Randomized Deterministic
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Sample Average Approximation
PCP :

Approximation :

Draw observations i.i.d as
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Sample Average Approximation

Pros :
1. Preserves quantitative guarantee 

of PCPs
2. Can expect asymptotic optimality 

and feasibility results (SLLN etc) 
3. IP approaches can be used

Cons :
1. Hard to solve!

Use when no convexity in problem, optimality results needed

Approximation :
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Lower Confidence Bound

Theorem.

Then

Approximation :

 given

 given
 are i.i.d. observations from the distribution of




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Upper Confidence Bound

Theorem.

Then

Do we need finiteness assumption?

Approximation :

 given

 given
 are i.i.d. observations from the distribution of





 finite 
where         is the feasible region of PCP
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Optimality Results

 is continuous
 is continuous

 there exists an optimal solution to PCP that is a limit point of 

Theorem.

 compact

Then

set of optimizers of approximation set of optimizers of PCP

Approximation :

 are i.i.d. observations from the distribution of
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Scenario Approximation
vs.

Sample Average Approximation

Scenario Approximation is a special case of Sample Average Approximation

But under convexity assumptions we can get more…
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Approximate Solution Methods

Robust
Approximation

PCP approximations

Scenario 
Approximation

Sample
Average

Approximation

Randomized Deterministic
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Robust Approximation
Let’s see some combinatorial problems !  

Classical Knapsack

capacityitems

value, weight of items known

Problem: Maximize value subject to knapsack capacity
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Random Weights on Items
Chance-constrained generalized knapsack :

: value of item 
: random weight of item 

This is a hard problem!

Even finding a feasible solution is hard.  
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A Little Generality:
PCPs with Linear Constraint Functions

Robust Approximation :

Let

price of robustness

 be the variable indices

 positive integer 



 has support 

Chance-constrained LP :
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Robust Approximation to 
Linear PCPs

Approximation is non linear!

Can we linearize constraints?   Yes! Take dual and get rid of absolute values.

Approximation with linearized constraints :

Approximation:
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Robust Approximation to Linear PCPs :
Feasibility

We expect         constraint to become feasible as       increases

Question : At what rate do we get feasibility ?

Need to quantify prob. of violation of        constraint : 

argmin : Approximation :
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Robust Approximation to Linear PCPs :
Feasibility

Theorem.  are pairwise independent
 has support 
 is symmetrically distributed about

Then

Exponential decay is nice.

However, bound is not tight : take             , bound is not zero 

Can get “nearly” tight bound dependent on optimal solution to robust approx.
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Back to Knapsack: Feasibility and 
Optimality

Theorem.  Under “suitable” conditions, there exists integer        such that

Chance-constrained
knapsack :

Robust knapsack (     ) :

where 
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Equivalence of Chance-constrained Knapsack
and a Robust Program

Theorem.  has support
 are pairwise independent

 are identically distributed

 can sort weights and profits such that


 and     are integral multiples of  

OK

! (use greedy)

Not so nice

Then, there exists  integer        such that

(i)

(ii)  any optimal solution to                   is feasible to 

can be relaxed

theorem holds for non 
integral

can be 
removed
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Solving Chance-constrained Knapsack
Optimally Using Robust Programs 

Algorithm. Set Γ = 1

Solve

Is optimal  soln.
to
feasible to                   

?

STOP

No Yes

?
Use dynamic programming

Output optimal 
solution to

(Suppose hypotheses of
theorem hold)
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What have we learned?

 Chance-constrained programs are hard to solve in general
 Hardness comes from integrality of decision variables and/or nonconvexity of feasible set

 Sampling is often the way to go
 Sampled programs could be MIPs – use valid inequalities etc
 Sampled program could be convex and finite – easily solvable
 Asymptotic feasibility/optimality results possible with sampling

 Robust approximation is a deterministic method
 Optimality results cannot be expected in general
 Feasibility ensured if sufficiently robust

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)

http://www.novapdf.com
http://www.novapdf.com


April 15, 2009 Stochastic Combinatorial Optimization

PCPs are hard!
Reduction from max clique

Does there exist a solution  with objective ≤ ?

A realization of       is an edge/column of incidence matrix

1

2

3

4

1000

0110

0101

1011

Does there exist a clique of size     ?

PCP :
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Linearizing a Robust Constraint
Constraint to linearize :

The maximization problem can be written as

Take dual :
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Linearizing a Robust Constraint
Constraint now looks like

Or
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Linearizing a Robust Constraint
Approximation now looks like

Replace         with        and the constraints                 and 

Approximation becomes
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Sample Average Approximation
Upper Confidence Bound

Theorem.

Then
Lipschitz constant

Approximation :

 given

 given
 are i.i.d. observations from the distribution of





where     is the diameter of       and 

MSOffice3

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)

http://www.novapdf.com
http://www.novapdf.com


Slide 40

MSOffice3 This slide needs some xplaining. What is \gamma? Why boundedness and Lipschitz?
 , 4/12/2009
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