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What’s queueing 
system

What’s queueing 
system with 

random 
parameter

What’s queueing 
problem we are 

interested in

How to model the 
problem

How to solve the problem

Multi-stage 
stochastic 

model

Dynamic 
programming 

model

Two-stage 
model for call 
center system

Multi-stage 
model for a 

general system



Call Center Model

English bilinguals Spanish

English Spanish

Exp(λ1) Exp(λ2)

Exp(μ1) Exp(μ2) Exp(μ3)



A general queueing system



Queue system with Random Parameters

• Process randomness: random arrival of service requests

• Process randomness: random service

• Parameter randomness: random parameters (rates, 
demands, capacity, etc. )

Exp(λ)

Uniform[a , b]

General (α)
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• Input: 
– Distribution of the inter-arrival of customers    (exp (λ) )

– Distribution of service time (exp(μ) )

– Distribution of all the random parameters  (λ, μ) 

– Cost parameters

• Decision:
– Number of servers

– Allocation of servers

• Objective:
– Save money

– Save time

– Satisfy service quality constraints



Problems we are interested in…

• Random rates

• Big decisions

• Small decisions

Tt0 t1 t2 t3

ξ1 ξ2 ξ3

Does the place 
where 

randomness 
shows up matter?

λ random? μ
random? 

It may affect the 
convexity of the 

problem sometime



Difficulty in Building a Queueing Model

• With the Markovian assumption

• Without all the Markovian assumption

Example: M/M/S+M 
queueing model

s+1 S+30 1 2 s S+2

λ λ λ λ λ

μ 2μ sμ Sμ+γ Sμ+2γ



Fluid Model

• arrival at fixed rate
•service at fixed rate
•get rid of process randomness
•the rates can still be random 

Why fluid relaxation 
becomes so interesting ?

Stability of multiclass queueing 
networks is implied by stability 

of their deterministic fluid 
counterparts

arrival at rate λ1

arrival at rate λ2

arrival at rate λ3
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Queueing Model VS Fluid Model

•Discrete
•Has process randomness
•long-run average measures

•Continuous
•Has no process randomness
•Drain the initial queue or 
cost ASAP

At rate λ
VS

Exp(λ)Exp(λ)
Exp(μ)

At rate μ



Fluid Model Approx Queueing Model

Queueing 
model

Fluid 
model

Prescription 
for fluid 
model

approx

achieveapply

Simulation



Multi-Class Multi Pools Call Center Model

1 2 3

1 2

Arriving calls

Storage
buffers

Server 
pools

Completed 
services

•Stochastic Arrival rates

•Abandon

•Staffing costs + abandonment 

penalties

•Big decision-staffing problem

•Small decision-dynamic routing 

problem

•Apply fluid model



Two-Stage LP with recourse

First stage: choose 
capacity b and 
incurs cost cb

Random 
demand λ is 

observed

Second stage: given 
the observation, 

choose allocation x 

Choose b Choose x

See the realization of 
randomness



How to Solve?

• Turn into a LP:

• Simulation

•Check if the problem is still convex



Allocation decision can be changed 
continuously

Choose b Choose x(t)     

See the realization of 
randomness ξ(t)

•The above problem is convex 
in b
•The gradient-descent 
method can be used 



DP Model

•Start from the last stage
•Evaluate all the possible values 
of function f for all the value of Z
•Take care of the expectation 
value
•Solve the whole thing backward

Dynamics of 
the system

Set Vn+1 is the set 
of feasible 

decisions at time 
point n+1

•Define set : 

•By the principal of optimality (Bellman 1957), 
the above DP can be solved by solving: 

v0 ξ1

v1

z1 zN+1zN

vN ξN



Drawbacks

•computing the expectation 
may be intractable
•The number of possible values 
of z may be very large ( what 
happen when z takes 
continuous values)

•Use Monte Carlo 
simulation to get rid of the 
expectation
•Define and update a 
approximate value function 
of f to avoid evaluate all 
the possible value of 
function f( v, z, ξ )



Approximate DP

Draw Monte Carlo Sample of 
{      : n=1,…N}

Replace value function        by  
its approximate function      



How to Choose Approx Cost Function?

•Piece-wise linear function

•Linearize objective function



Why Need Approx Cost Function?

Z2

t1 t2 t3 t4 • = Ci ·Zi

• S  : S       R
•# of computations we need to take: 10
•T·10

• state s=(z1,z2,…,z10)
•# of states  |S|:  M10 

• f: S      R
• T·M10

Z1

Z10

M



How to Update Approx Cost Function

How to 
updates 
slopes

It is linear !

Z1 Z1+1



Approx DP Alg

• Step 0: Initialization: Choose an approximation      for        for all n. Set 
iteration counter k=1.

• Step 1: Forward Pass:
– Step 1.0: Initialize the forward pass: Initialize Z1 to the initial queueing length. 

Obtain a sample realization of {      : for all n}, say {     : for all n}. Set n=1.

– Step 1.1 Solve                                                                                                  to get vn.

– Step 1.2 Apply the system dynamics to get Zn+1 :

– Step 1.3 Set n=n+1. go to step 1.1.  

• Step 2 Approximate value function      update for all n

• Step 3 Set n=n+1. Go to step 1.



Things We are working on…

Have built the fluid model 
with random parameter 

for our problem

Have 
implemented 

the multi-stage 
stochastic 

model

Need to 
implement the 

DP model

Compare the 
results from the 

two models


