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Abstract—This paper investigates the impact of limited feed- Q(log logK)?, whereK is the number of users. However, as
back on user throughput in the uplink of a cellular system. We noted by Huang et al. [2] this increase comes with a linear
consider scenarios where the base-station has limited feleaick increase in feedback rate. This observation has motivated t

resources, which it needs to allocate across the users it ses. d | t of limited feedback techni 3
We propose a general model that captures the effect of feedba  9EVEIOPMENL OT IMItEA Te€dback techniques (see, e.g,, [3]

allocation on the achievable rates for a user, which allowssito  [5] and .references the.rein). -
characterize the rate region for such a system. For unsaturtad Past literature on limited feedback can be broadly claskifie

queueing systems, we show that the optimal feedback allogab  into two categories. The impact of limited feedback on the
policy that stabilizes the queues when possible, involveslgsing performance of MIMO point-to-point wireless links has been

a weighted sum-rate maximization at each scheduling instdn .
We show that such an online weighted sum-rate maximization studied by Mondal et al. and Love at al. [3], [4]. A parallel

policy can also be used for long-term utility maximization, Pody of work [5], [6] focuses on developing limited feed-
which is applicable to saturated queueing systems. The weited back protocols for multi-user orthogonal frequency-diuis
sum-rate maximization is solved using dynamic programming multiple-access (OFDMA) downlink scheduling. Chen et al.
incurring pseudo-polynomial complexity in the number of users [5] propose a limited feedback scheme where each user,

and in the total feedback bit budget. Finally, we show that _ : . Lo .
the widely-studied single-stream multiple-input-multiple-output with associated priority, is restricted to a feedback budge

beamforming/combining physical layer communication straegy Of one bit per tone, i.e., each user transmits a bit that
induces a special form on the optimal feedback allocation indicates whether its channel is above a certain threshold.

problem, which allows for the development of a polynomial- Given a set of users with good channels, the base station
time approximation algorithm. schedules the user with the highest priority on each tone. Th
authors compute thresholds that achieve the optimal toffde-
between feedback rate and data rate for this class of data and
I. INTRODUCTION feedback scheduling policies. While the above work assumes
th?t the feedback window has number of slots equal to the
rEJ(?oduct of the number of users and tones, Agarwal et al.

. . . fG] relax this assumption by considering feedback windows
transmitter to allow for the latter to adapt its transmiastgy. of arbitrary size. They propose an opportunistic feedback

This includes power and rate adaptation, which is known ﬁ%heme where a user contends for a feedback slot if their

In many currently implemented wireless standards, chan

increas_e capacity over the case when the_re i; no CSI at annel strength is greater than a pre-set threshold.
trangmlttgr (CSIT).and precoder adaptation in the_z Cas€ Ol contrast to the aforementioned literature, in this pa-
LnuIt|pled—lTpu_t-multlplel-_OLlitpult_ (gII_I;/IO)CsyStetmst, }[Nh'(;r;:l?ea per, we investigate the impact of limited feedback on user
€ used 1o Increase Tink reiabiily. Lurrent state-orane throughput in the uplink of a cellular system. Explicit feed
o_pportunlsnc sc_heduhn_g algorithms such as multl_—_useeld| back for the uplink is required for current and future stan-
sity and proportional falrness_assume the ava|la_1b|I|ty 8fT dards (such as Long Term Evolution) that employ frequency-
through feedback, thus allowing for the transmitters tomdadivision-duplexing (FDD) since channel reciprocity cahno

their respective transmission strategies as a functioheif t be exploited for such systems. Fig. 1 depicts the uplink
link guality "?‘”d c_>ther netyvork state informati_on. Conside(gf a FDD cellular network where the base station serves
multi-user diversity downlink scheduling for mstance;ethm Itiple mobiles or users and has a limited feedback budget
user with the best channel is scheduled in each time slot

the b tation t its (ideallv) at the Sh llocate across these users. Specifically, we assumthéhat
€ base station transmits (ideally) at the Shannon qua%tase station is constrained in the total number of feedback

OI |tsthl|r1kfto mf’ﬂ usEr.dIt l'.s Well-lknov'\[/rr]l (Sharif atnd Halss'b\oits it can allocate across these users. Feedback allacatio
[1]) that for this scheduling policy, the sum-rate scales b necessary because limited feedback induces errors that
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and combining, we show that the optimal feedback

allocation problem takes a special form that allows for

the development of a polynomial-time relaxation with

associated approximation guarantees. Single-stream

multiple-input-multiple-output beamforming and com-

| | | | | | bining is being considered as a potential transmission
mode in the Long Term Evolution standard [10].

The rest of this paper is organized as follows. In Section

W stream multiple-input-multiple-output beamforming

Base Station

Uplink ‘ ‘ | ‘ l Feedback X ;
Channel Channel Il, we introduce the system model for multi-user feedback
' ! ! ' ! scheduling. In Section Ill, we discuss the two long-term
/ / / / / objectives that drive our choice of scheduling policies. We
Mobile present a linear-optimization-based approach to compute
Stations throughput-optimal feedback allocations, and also previd

a result useful later when we obtain approximate but
, _ _ _ computationally more friendly feedback allocation scheme
Fig. 1. FDD cellular uplink where the base-station has alieel link to . . .
each user. In Section 1V, we present the optimal feedback allocation
policy for both objectives while in Section V, we investigat
methods of reducing the complexity of the optimal feedback
predominantly stem from quantization and deldyVe re- allocation policy.
strict our attention to an intuitively appealing, but ndredess
broad, space of feedback allocation policies in the interagotation We introduce some notation for the sake of read-
of analytical tractability and implementability. The po#s ability. x;; denotes elementi, j) of matrix X while z;
can be described aspartitioning of the total feedback bit denotes elemeritof vectorx. Given matricesX, Y € RP*4,
budget across users. Thus, for the uplink scenario under< y meansz;; < v;j,Vi=1,...,p, j=1,...,¢. ()T
consideration, if the network objective is fairness acusars  and(.)" are the transpose and Hermitian-transpose operators
for instance, then a user with a poor channel would mosispectively. The set®,, Ny and N represent the non-
likely be allocated a larger fraction of bits. On the confirér negative real numbers , non-negative integers and positive
the objective is sum-rate maximization, a stronger usehmigntegers respectively. Finallyg]* = max{x,0} and||.|| is
be allocated a larger fraction of bits. More importantly,aas the two-norm operator.
consequence of the total feedback constraint and indepénde
of the choice of objective, the uncertainties in CSIT become
coupled across the users, a fact that has not been explicitly
modeled in past literature. The main contributions of this Consider the uplink of a slotted-time cellular system with
paper are the following: K users scattered across a cell. Each user-base-station chan

1) We propose a limited feedback framework for celluldi€l is modeled as a finite-state discrete-time process where
uplink that models this coupling in throughput perforthe composite channel across users (in appropriate urits) a
mance across users. time ¢, m[t], takes values in seM, | M| = M. For example,

2) An Optima| multi-user feedback schedu]ing po“cy |$f we model all the channels as Gilbert-Eliot (or ON-OFF
presented, where we design this policy to achieve oggannels), thenM = {0,1}*. We assume that the base-
of two long-term network objectives. station has perfect knowledge of the channel stafe] in

a) Queue stability: This classical network objectivgvery time slot. Each user transmits on a separate frequency
[7], [8] is applicable to queueing systems wher@and thereby removing the need for data scheduling since

each user does not have infinitely back-logge‘ilj'e focus of this work is primarily on feedback scheduling.
data to transmit. henceforth referred tolasat- 1° this effect, we assume that the base station has an error-

urated systems. free control channel that is broadcast in nature, which it
uses for feedback purposes. Each feedback packet has a total

Il. SYSTEM MODEL

b) Utility maximization: This second objective ap-
) pIiesyto systems that have infinitely l:iack-loggpeaizeB bits and is intended to carry quantized channel state
data, calledsaturatedsystems [9] information back to all users. The base station has to aoca
’ . . b,k =1,..., K, bits of each feedback packet to ugesuch
3) We show that the optimal allocation can be Con}'hatZK b < B.LetB = {b € NE : ZK b, < B. B e
i i ing i ; ' k=1 = D = 0+ 2uk=1% =D,
pgregoléﬁggcg%nﬁg('ﬁ %Ogrzgn;mge;ng?rlj;negrsp;%%} represent the set of allowable bit allocation vectors. In
tpheytotal feedbagk bitybud ot each time slot, the base station decides on a bit allocdten t
4) For specific uplink de Iogménts that emolov sinal it will use to form the feedback packet. An insufficientlydar
P P ploy ploy sing ebudgetB will lead to loss of information in the quantization
2Quantization error is encountered during the process @hathg the process. In add't'on to quantization _eﬁeCtS' we assur_ne the
channel at the receiver and mapping it to a set of bits or stateorder presence of delay in the feedback link, the combination of
to be sent back to the transmitter. Delay error is due to tie tfeat the \yhich motivates the following general transmission model
signal passing through the feedback channel is receivetieatransmitter h | h hei . ’
after some delay depending on the user’s location and theHatthe true In channel statan € M, userk chooses their transmission

channel might have changed over this period. rate u (my, br) € R4 based on:



« the bit allocation;, arrival rate \. The state of the system at tinieis given

« the quantized CSIT that it receives by S[t] = {m][t], Q[t]}. A mappingH from the stateS|t|
« its inherent tendency towards tolerating outage or packet a probability distributionF/(S[t]) on the set of queues
drops {1,2,...,K} is called a scheduling policy. This means that

Since we assume that maximum tolerable outage probabiliien the system is in stagt], userk is picked for service
remains fixed over the entire period that the user is in tf@gcording to the probability distributiof (S[t]). Let A [t]
system, we do not explicitly include it in the functionadenote the packet arrival process for usefFor simplicity,

definition of rate yux(ms, bi). The above setup accuratelyl€t us assume that,[t] is an ergodic Markov chain and that
models scenarios where: the arrival processes are mutually independent across.user

Under these standard assumptions, the queue-state pirecess

1) The channel procesém[t]} is an ergodic Markov k
Markov and evolves according to

chain with a strictly positive feedback delay.

2) We have a zero-delay feedback link and the channel Q[t] = Q[t — 1] + A[t] — D[t],
process{m]t|} is either independent and identically _ _
distributed (i.i.d.) across time or ergodic Markov. ~ Where Dy[t] = min{Qg[t], ur(m[t], b*[t])}; b*[t] is the

We denote the stationary distribution (unique in the case glllo_catlon deC|S|on_a_1t timé. Queue stabilitys traditionally
ergodic Markov) of the channel dSmm bmc . efined as the positive recurrence of the queue-state roces

Long-term rate regionlLet V be the system rate region,Q[_l_t]humfje”r a_glvenhschedulllng pollc%/. ion b
i.e., the set of all long-term feasible service rates undler a e following theorem forges the connection between

possible feedback allocation policies. We characteriig trgeneric scheduling policieH and the space of SSS policies

set through the use of Static Service Split (SSS) scheduliﬁFPthe _contexl'_[ of Stab”.ia/' I stdates_ th;t r': somed feedback
rules following the approach pursued by Andrews et al. | ocation policy (possibly randomized, history-depemtie

The rule can be described as follows. In channel siat¢he FC') cgn stabilize a system, th?'.” there exists a SSS pgﬁcy,
. 5 givenin (1), that can also stabilize the system. In paréiGul

scheduler chooses bit allocatidnwith probability ¢,p; he th h biai h h imal
SSS policy is completely characterized by a stochasticimat e theorem says that one can o t_aln a_t roughput-optima
edback allocation strategy by solving a linear prograra. W

®. The long-term rate region for this space of policies i
; g ¢ P P refer the reader to Andrews et al. [7] for the proof where
written as i N .
the authors prove the claim under a definition of scheduling

V— {u(cb) : Z¢mb — 1, Gu € [0, 1],Vm,b} o policies that maps the stag§t| to a probability distribution

= on the users indice$l, ..., K} as opposed to a probability

distribution on the set of bit allocationt$. The core idea of
where v(®) = > \Tm D pep $mbp(m,b) and  the proof involves a marginalization across the queue state
p(m,b) = [u1(my,b1) pa(ma,ba) ... pux (mi, b)) q[t] in order to compute an equivalent SSS probability that

v(®) is the long-term average rate under scheduling poligjcks an allocation or user in a given channel staig|.
® since ), .z Pmpi(m,b) represents the expected rat . . .
while in channel staten, which is subsequently averagejhetorem 1.t lLIa st(;]hed:Jhllng rul_eltLI exgs;ssunierdwlhlch thﬁ

over all channel states. In the following section, we comime Siem 1S staple, then there exists a scheduling ielicy

on why it is sufficient to consider SSS feedback aIIocatio%uch that the system is stable, i&.< v(®).

policies in order to characterize the system rate region in O
the context of specific long-term system objectives thateweThis theorem, in particular, justifies our use of SSS padicie
briefly introduced in Section I. in the previous Section in order to characterize the ratoneg
or stability regios, equivalently, of an unsaturated system.
I1l. L ONG-TERM NETWORK OBJECTIVES The above theorem directly motivates the computation of a

In Sections IIl.A and IlIl.B, we define the two objectivesStabi”Zing_ SS.S policyp™ given arrival rate vectoh, through
@e following linear program

that we briefly introduced earlier and justify the use of SS

policies to characterize the system rate region for eachcebj ®* = argmin ¢

tive. The aim of this section is to establish that it is suéitti st A< w(P) @)
to solve an online weighted sum-rate maximization problem > beg @mb =1, Yme M’

in order to achieve either long-term objective. This allows dmb € [0,1],Vm, b

us to propose an optimal feedback allocation algorithm Unfortunately, the linear program (2) is difficult to solve-o

Section IV, which solves this weighted sum-rate MAXIMIZGy 4 15 the fact that the stochastic matricBshave dimension

e et wnd| 5| 0 x (%1, ) Furhermore, we referte

direct g scheduler would require apriori knowledge of the afriva
contribution, one that paves the way for the development g . : .

. L . . .~ rates in order to perform this computation.
a reduced-complexity approximation algorithm in Section \F llevi hi . iori K led f
for applications that demand faster running times TO alleviate 'S requirement on aprion xnowledge o
' arrival rates, Tassiulus and Ephremedis [8] proposed the

well-known max-weightor back-pressureonline scheduling
A. Queue stability

3The stability region of an unsaturated system is defined essét of
Assum_e that each us@; k=1,2,....K, has a quel_Je Of arrival rates\ C R that are stabilizable over the entire space of scheduling
untransmitted packets with queue-len@th[t] and associated policies.



algorithm. Observing the natural connection between tfiédieorem 3. Let A be a bounded subset & . Then, for
independent sets defined by Tassiulus and Ephremedis ing8ly ¢ > 0, there existsI" > 0 (depending orx and .A) such
and the feedback bit allocations in our model, it followstthahat

if A < v(¢) for some SSS scheduling matré, then the

following per-instant scheduling rule lim sup P (||N§mp[t] — vt > 5) -0

6—0 5 A>T
b*[¢] = argmax, 5Q[1]” (mlt], b) 3) Hempl0lEAE>

stabilizes the system. s
We give here a direct generalization of the above result
in the following theorem, which essentially states that by

calculating ag-approximate solutiong € [0,1] to (3) in IV. OPTIMAL ALLOCATION THROUGH DYNAMIC

every time slot, one can achievedafraction of the stability PROGRAMMING

region V. This becomes important in the sequel, when we

consider efficient but approximate algorithms for stailit In Section Ill, we have established that for queue stability

Theorem 2. If A < Au(®),3 € (0,1] for some SSS in (4) and for Type I/l utility maximization in (6), we

scheduling matrixp, then ag-approximation to the following are .|nt.eretf5ted mblthe following online weighted sum-rate
per-instant scheduling rule maximization problem

b*[1] = argmaxy,e5Q[t]” p(mlt], b) (4) maximize,cs  w’ p(mlt],b), 7)
stabilizes the system. . ]
where w = [wi,...,wk]? is a vector of non-negative
U weights. Herein, the focus of this paper becomes algorithmi
in that we propose novel solutions to (7) in Theorems 4-
7 that explore the natural trade-off between accuracy and
B. Utility maximization complexity. Theorem 4 is a first step in this direction, the

The following alternate long-term network objective, proproof of which has been omitted due to lack of space.

posed in [9], is applicable to saturated systems where eagfeorem 4. The online resource allocation problem (7) can

For such systems, the state is giverj§] = m[¢] and hence, ¢ (KB2).

any scheduling rule is automatically an SSS scheduling rule
thereby justifying our earlier characterization of ratgiom V o
in (1). In such systems. we are concerned with optimizing the
vector of long-term service rateg ¢) such that we maximize
some utility function H(v) over the regionV introduced
earlier, i.e., we are interested in V. REDUCED-COMPLEXITY RESOURCE ALLOCATION
maximizg.ey  H(v). ©) Thus far, we have identified the optimal online allocation
The following two classes of long-term utility functionsear problem (7) in order to achieve either long-term objective
defined in [9]: and we have proposed an exact solution using dynamic
(i) Type | Utility Function - H(u) is a continuous strictly programming, which has complexit§ (KBQ). While this
concave function oiR¥. In addition, H (u) is continuously pseudo-polynomidlcomplexity might not be too large for
differentiable, i.e., the gradiet H is finite and continuous most applications considering that it would tak¥ B) for
everywhere inR”, ex. H(u) = Y"1, cruz. the base station to write these bits, some applications tmigh
(i) Type Il Utility Function - H(u) = S~ , H(uy) where demand faster algorithms. It is also crucial to recognize
eachH (uy) is a strictly concave continuously differentiablghat once computed, communicating the optimal feedback
function, defined for alk;, > 0 and such thaff (u;) — —oc  allocation back to the users would incur an overhead of
asuy, — 0, ex. H(u) = Y1 log(ug). log , (7% ") bits since the base-station needs to potentially
For the aforementioned utility functions, [9] shows tha¢ thcommunicate|B| = (B};Ifl‘l) messages. Through the re-
following gradient-weighted sum-rate maximization atleacmainder of this section, we consider an uplink scenario eher
instant all nodes (including the base-station) are equipped with mu
. T tiple antennas and the adopted transceiver scheme is single
b*[t] = argmax,e sV H (42, [1]) p(mlt],b)  (6) sfream beamforming and C(F))mbinﬁngNe show that for this ’
where choice of physical layer signalling protocol, which didgct
5 5 . impacts the structure of sét(m,b), the weighted-sum-rate
Pemplt]l = (1 = 6) pepmp[t] + dp(mlt], b™ [¢]) maximization problem in (7) takes on a specific form that
is the empirical rate vector measured till timeolves (5) for 2llows for the development of an approximation algorithm

§ sufficiently small. Formally stated, the statement proven Vith significantly reduced complexity(Zlog, ). We begin
[Theorem?2, [9]] says: this section by investigating the effects of limited feedba

on the aforementioned class of MIMO systems.
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1 | attention to quantization error; error that is introduceuew
Ao Y

® the base-station quantizes the optimal precodeusing by,
/ ; v i \ bits in preparation for feedbatkFollowing literature (see ex.
s ©) JaH L@i@a y [11]), the feedback link is assumed to be delay- and error-

free. We assume that uséruses a quantized beamformer
v, that can be modeled as

T, : ‘
@J L@ Vg.k = Vg + €. (11)

Fig. 2. Single-stream beamforming and combining MIMO syste Here, e; is an additive error term which represents the
uncertainty caused due to quantization at the base-station
We assume that this error comes from a deterministic set
A. Single-stream MIMO with limited feedback that is bounded, i.ellex||? < A(by), where A(b) in an

The classicalN; x N, single-stream beamforming andinvertible non-increasing function . such thatA(by.) — 0
combining MIMO link for a typical user (shown in Fig. 2)asbr — oo. Such norm-bounded additive error models have

can be described using the following received signal mod&gen used in the past [12]. Based on the above definitions, by
substituting (11) in (8), we can write the SINR with impeifec

y = Voz'Hgs +z'n, (8) feedback as
2
where SINRy 17 = O"“f’“”k . (12)
s ~ Complex Gaussian transmit arProplviex|* + N,
codeword withE[|s|?] = P The additional interference term in the denominator of (12)
n € CM ~ CN (0,N,I)is additive white represents the degradation due to quantization error.
Gaussian noise
g € CM : Transmit beamformer with . B. Time-scales and structure of é{m, b)
|lgl|* = 1 to satisfy the transmit In this section, we describe the structure ofigétn, b) that
power constraint arises out of employing the single-stream MIMO physical
z € CN :  Receive combiner layer scheme described earlier.
H < CVN~xN¢ . Complex-valued MIMO channel

Large-scale fadin oL arl2] e
The model in (8) is a comprehensive description of the wirdmsae . .
less channel in that it explicitly accounts for the comm)sitSma”_scalefadin ‘ ]
effects of small-scale (SS) fading and large-scale (LS)ad  timescaie B T M M Ml M Ml s
We usea to represent the path-loss or shadowing effects of
the channel, henceforth referred to 128 effectswhile the Fig. 3. Composite effects of small-scale fading and lagges fading in

; . . irel hannel withD = 4.
matrix H denotes SS fading. Composite models have bedn oo cnanne i

used in past literature (see [15] and references there. T e consider making feedback allocations once every LS
signal-to-interference-plus-noise ratio (SINR) for thistem fading coherence time, which typically spans mutiple SS

can be written as fading coherence times, sdy of them, as shown in Fig. 3.
|zt Hg|? Pa Such a design choice has two benefits; first, it might require
SINR= ||z|[2 N, (9  too much overhead to compute and communicate optimal

) ) o allocations on the SS fading time-scale, which typicallgrsp
It is well-known that the SINR in (9) can be maximized by, fe\ milliseconds. Second, this allows each user to estimat
settingg” = v andz” = Hg" wherev is the right singular hejr | S coefficientay, without the need for feedback from
vector corresponding to the maximum singular vaiuef the  he pase-station by exploiting reciprocity on the downlink
channel matri. By introducing user indices, the maximumrys s possible since path-loss and/or shadowing are depen

SINR for userk can be written as dent solely on the distance between the user and the base-
SINR B akPkai 10 station. The increasing availability of GPS-enabled dewic
k, PF = N, (10) also offers the user an alternate means to compute thei path

: . loss.
Th_e choice of notation reflects_ the _fact that the user re-Capturing the two separate time-scales, we define the
quires perfect feedback of the right singular vect@rfrom channel state as
the base-station in order to achieve this maximum SINR.
However, feedback in realistic systems is imperfect due tron[t] = {oftl, Helt = 1)D+1),.. HtDJ], k=1,..., K}
limited feedback budgets, the primary motivation for thisfor the single-stream MIMO system we are considering. We
work. Through the remainder of this section, we restrict o@ssume thafa]t]}, is a finite-state process that is eith@r

i.i.d. across time ofii) an ergodic Markov chafi taking
4An algorithm has pseudo-polynomial complexity if its rungitime is a

polynomial in the size of the input in unary. The size of thpuhto (7) in 6The typical quantizer [4] would create a Voronoi partitiohthe unit
unary at most BAmaxz + B = O(K B) where Amq. = max; ;yA(i, ).  sphere with2bx cells.
5Single-stream beamforming and combining multiple-inputitiple- "Markovian and i.i.d. models for user mobility in a cell (anenke path-

output (MIMO) systems have been extensively studied in tet 4], [18], loss) have been utilized by EI Gamal et al. [13] and Toumpisle{14]
[19] and are an attractive method for achieving reliableadaansmission respectively in studying how mobility impacts the perforroa of a wireless
through significant diversity and array gain network.



values from the se with a unique stationary distribu- and therefore, by working withP,: (SINR}C_’IF <
tion {7a}aep. On the faster time-scale, we assume thatx(ex.bx) — 1) < ¢, as our definition of outage probability,

{HL[(t =)D +1],...,Hy[tD]], k=1,...,K} is again
a finite-state process that is either i.i.d. across time
ergodic Markov taking values from the skt Traditionally,
each element of the channel matdX; is modeled as a

complex Gaussian random variable. However, since we are
interested in finite-state processes, one can discretige th
random variable and create g¢tby sampling the support of

its probability density function sufficiently finely. As ihe
case in past literature (see [15] and references therangg-

scale fading is assumed to be independent of the small-scakerea, =

fading.

In each staten € M = P x H, given bit allocationd,
we assume that usértransmits at rateu (ay, by) indepen-
dent of {[Hy[(t —1)D +1],...,Hi[tD]], k=1,...,K},

we are being conservative. We enforce the maximum outage
probability constraint of;, and explicitly computey (ax, by)
as

/ (ak,br) _
]P)Ui (SINRk,IF < 27Kk Ok 1) < ek

(276 ") —1)N, < -1
akPk(1—(27k(ak'bk)—1)A(bk)) >~ Fg-2 (5k)

= ’7;(Oék,bk) = |092 (1 + #Z(bk)) ;

arPeF ' (er) _
—x—— and[:(z) denotes the cumulative
distribution function of o7. ~; (ay,bx), as noted before,
represents the maximum possible transmission rate thgsobe

the outage constraints.
Thus, we have computed the goodput when transmitting

i.e., uncertainty setf;,(my, by,) is a singleton. Systems thatat v, (a, br.) while incurring outage probability of at most
choose to transmit at a fixed raje;(«y,br) during the € as

course of an entire LS coherence time would immediately

be susceptible to outages or packet drops. This is because a i (0vk, b )
particular SS fading realization within the larger coheeen
_t|me might not b? able to support the_chosen transmissien rggream MIMO physical layer structure described thus far can
in accordance with Shannon’s capacity formula. Such atranpg, expressed in terms of

mission scheme would fall under the widely-pursued outage

capacity [17] framework where the transmitter chooses & (%) Limem Tm Lpep Pmbp(m, b)

; ; ; ; aep T XLpep Pabh(a; b)

fixed rate for an extended length of time while allowing for "

a small outage probability. In this framework, outagesearis Laep Ta Lpen Pab |100; (1 + No+a1A<b1)>

due to delay constraints that dictate that a packet must be (1-e1),...,log, (1 + m) (1- 5K)]

and the optimization in (7) takes the specific form

2 % V-
= log, <1 + T +akA(bk)) (1 —ep).

om (1), the rate region for a system that employs the single

decoded within a SS coherence time.

Given a fixeday, and bit allocatiorb, through the course
of a large coherence time, we defipg (o, br) to be the
goodput(a notion that is discussed by Lau et al. [16]) when

transmitting at the maximum possible ragg(ax, br.) While  \we absorb the success probability— <5,) into weight wy,
allowing for an outage probability of at most, i.e., henceforth.

maximize,cs Zszl wg (1 — ex)log, (1 + WM? )

(ks br) 2 i, bi) (1 = )
HE\Qk> Ok ) = Vi \ Xk Ok Ck C. Relaxation and approximation guarantees

To computey; (o, bi), we need to quantify the outage prob- For the rest of the paper, we assume a specific form for
abilty of the single-stream beamforming/combining MIMQGhe uncertainty function, namely\(b) m,cl,cQ >
system. From (12), the SINR with imperfect feedback is @ Summarizing what we have done beyond (7) in Sec-
random variable whose distribution depends on the distribtion IV, we have introduced a specific MIMO physical layer
tion of o7 andvy. Thus, the outage probability for usér communication protocoBI tID ]i) has a feedback overhead
that transmits at ratey, (a, by,) can be written as requirement of '09?1( Py o bits/s and as we  wil
. oherence. tim
see in Theorems 5-7 %efgw(%) aﬁows us to develop an
Py2 oy, < approximation algorithm to (15) to be solved in closed-form
0V

In the interest of having (13) reflect an explicit dependemte

incurring a complexity ofd(Klog ,K) instead ofO(K B?),

while providing an approximation guarantee é%)
the feedback allocatioty, through the uncertainty function Th€ Proofs have been omitted due to lack of space.
A(bg), which will allow us to proceed further with this The)orem 5. Consider the following continuous relaxation of

OszkO'z

< gvelanbr) _ q (13)
OékPkO'aV]—LekP + N,

computation, we form the following lower-bound 15):
K
ayPro? b*[t] = il (1 aki[ﬂ) .
SINRy. 1 m [t] = argmaxy: b, <5 b ek, kzz:lwk[ Jlog, | 1+ 1+ ag[t]A(bg)
Pyo} . . . . . .
> akpkgi||(i,'“k||'éﬂ’;k||z+]\,o (14) The solution to this relaxation with uncertainty function
> oy Pyog A SINR}C . A(b) = m, c1,c2 > 0is given in (16) wherg* is chosen

ok Peoi Abe)+No such that)_, b = B.

. . . . D
using the Cauchy-Schwartz inequality. It is clear that ) o )

Theorem 6. Computing the solution in (16) incurs a com-

P2 o, (SINRy rpp < 278 (08 01) 1) > P2 (SINRy, p < 278(*k:20)—1) plexity of O(Klog ,K).



by = [%\/(01(202(% +1) + aglar + 1) + ager)) + 4¢3 (ar + 1) (—l—wkaicl — (coap(ar + 1) + ages + ai))

n*10Q 2
_Cl(2C2(ak+1)+ak(ak+1)+ak¢31):| + (16)
2
O In conclusion, Theorem 4 connects the performance of the
Once we solve forb;, we apply a floor operation %)-approximate online algorithm given in this section

in order to enforce the integer constraints, i.e., we sg the long-term stability region of the policy.
bi.rnr = [bx]. This leads us to the task of quantifying

loss due to integrality, which we address in Theorem 7 below. VI. CONCLUSION

In this paper, we propose an optimal feedback allocation

Theorem 7. The bit allocation obtained by relaxing integerpolicy for cellular uplink systems where the base station

constraints followed by flooring gives an approximatiohas a limited feedback budget. The optimality is in the

factor of Qcclltcczz_ sense of queue stability for unsaturated queueing regimes
and long-term utility maximization for saturated queueing
regimes. The optimal allocation policy involves solving a
weighted sum-rate maximization problem at every schedulin

The results in Theorems 5-7 are applicable to singles ; ; ; ; ;
stream MIMO systems where the norm-squared quantizﬁgl_stant. This problem is solved using dynamic programming

tion error is accurately bounded by uncertainty functioficUrming pseudo-polynomial complexity in the number of
Ab) = ﬁ We briefly comment on our choice of thisusers and the total bit budget. For single-stream beamform-
function. Past research by Mondal and Heath [4] is relevafg and combining MIMO physical layer communication
to this discussion. In this work, they show that the expectadhemes, we propose a relaxation to the optimal feedback
loss in SNR due to feedback quantization usitig bits gjlocation problem that can be solved in closed-form, in-
for a single-stream beamforming/combining MIMO SySterEurring polynomimal complexity. We provide approximation

. . _ bk .

is well-approximated by’k2s (E[o7] — N,) 27 ~=T. While  guarantees for the proposed relaxation under a specifis clas

these results are not directly applicable to our setup owingof uncertainty functions.

the fact that their loss in SNR is averaged over SS fading, it

still suggests that\(b) = 27 ¢ > 0 might be a reasonable
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